We propose photon energy qubits and schemes for photon energy entanglement characterization. Bell inequality violation for energy qubits and complete Bell state analysis are demonstrated theoretically. Photon energy superposition state detection is performed by a two-photon absorption interferometer based on electron transition path interference. The scheme can be realized at room-temperature by two-level systems and semiconductor devices. Phys. Rev.
Introduction
Entanglement is one of the most curious phenomena in quantum mechanics contradicting the local realism of classical theories [1] . Moreover, the rapidly developing fields of quantum information processing and quantum computing rely on the ability to generate, characterize and utilize entanglement in various degrees of freedom. Many of the quantum information experiments employ photons as qubits, where the information encoding or entanglement is in polarization [2] . Photon polarization is stable in free-space propagation and is employed successfully for quantum key distribution [3] and entanglement swapping in free-space experiments. However in fiber-optical implementations the polarization state is randomly changed due to stress-induced birefringence. As photonic-based quantum information in fibers moves towards practical applications [4, 5] , more robust fiber-optical qubit realizations are required. Furthermore, a definitive test of Bell inequalities [6] calls for loophole-free experiments, including large space separation [7, 8] . An important advancement in this direction was done by introducing time-energy entanglement for photons [9] or time-bin entangled photons [10] , where characterization of such entanglement is typically performed via Franson interferometry (FI). The usual FI experiments require a reference energy of the photon pair (e.g. pump energy in parametric down-conversion) to be well-defined for reasonable time-resolution of the detectors employed [11, 12] . Various improvements have been reported in the characterization of energy-time entanglement using novel interferometers [13] or by employing spectral or temporal shaping of the photons [14], higher-dimensional entanglement [15] , or geometric phase [16] which allows employing very broadband sources, however relying on photon polarization that can be unstable in fibers. A method for polarization-independent characterization of energy entanglement can be very useful for longdistance fiber-based quantum communication schemes.
Photon energy qubit detection by two-photon absorption interferometry
Recently, a compact electrically-driven and efficient source of energy-entangled photons operating at room-temperature was proposed [17] , based on the newly-observed effect of semiconductor two-photon emission (TPE) [18] . The related photon energy qubits are very robust, however due to the relatively large fundamental energy uncertainty of such TPE-based sources, the use of FI is difficult. The major obstacle towards characterizing energy entanglement directly and employing energy qubits for quantum information is the difficulty of detecting energy superposition states: 
where ħω 1,2 are two different energies and θ, φ are angles on the Bloch sphere ( Fig. 1) . Superconducting cooper-pair energy-entanglement tests were recently proposed by different-energy wavefunction interference in a Rarity-Tapster like interferometer [19] with energy difference small enough for the fringe measurement to be done on a time-scale much smaller than the beating period [20] . Nonetheless for room-temperature operating devices and detectors slower than a pico-second, such configurations are not realizable.
Here we propose a realizable scheme for direct characterization of photon energy entanglement at room temperature. The interferometry, usually done by photons, is performed here by electron transition amplitudes in a two-photon absorption (TPA) interferometer. The detection system is chosen so that neither of the photon energies in the energy qubit [Eq. (1)] is sufficient for the electron transition; and two auxiliary lasers with frequencies Ω 1 and Ω 2 are used for two interfering paths of TPA [ Fig. 2(a) ]. The auxiliary laser frequencies are low enough to prevent TPA and three-photon absorption of Ω 1 and Ω 2 alone, whereas the parasitic process of four-photon absorption is many orders of magnitude weaker and may be neglected. The two lasers must be mutually phase-locked for the interference to occur, e. g. generated from the same source by means of frequency conversion [ Fig. 2(b) ]. The proposed scheme can be realized in two-level atomic systems as well as in semiconductor photonic devices, where frequency conversion (e.g. second harmonic generation -SHG) integrated in semiconductor hetero-structures was recently reported [21] . Despite the different energy components in the detected photon ω 1 and ω 2, the transition energies for each path are complemented by the auxiliary frequencies Ω 1 + ω 1 = Ω 2 + ω 2 , allowing transition amplitude interference. Constructive interference will result in a detection event with high probability, whereas destructive interference will not result in detection. Employing TPA with auxiliary lasers for efficient detection of low-energy photons was proposed involving practical room-temperature Si avalanche photodiodes [22] , and realized recently experimentally in GaAs photomultipliers [23] , while coherent-control of multiphoton effects was demonstrated in atomic systems [24, 25] as well as in semiconductors [26] . In the configuration proposed here, the transition amplitude and the relative phase of each path in the TPA interferometer can be easily controlled by the relative phases and amplitudes of the auxiliary lasers, thus allowing the detection of any photon-energy qubit state covering the entire Bloch sphere (Fig. 1) . In contrast to the momentum entanglement test setup limited to the equator of the Bloch sphere, this configuration allows an additional degree of freedom dismissing any rotational invariance loopholes in Bell inequality tests. Moreover, the threedimensional energy qubit detection can be used for high-dimension quantum cryptography protocols (e.g. six-state) providing enhanced data security, and quantum state tomography [27] based on the complete two-level energy operator basis orthogonal under the HilbertSchmidt inner product defined here for energy:
where ∆ = (ω 1 -ω 2 )/2. E x,y,z are the SU(2) group generators of the energy space rotations with x, y and z representing the 'direction' of energy measurement. For a given amplitude ratio and phase difference between the auxiliary lasers [ Fig. 2(b) ], any energy superposition [Eq. (1)] can be detected in the TPA interferometer. Therefore, two consecutive TPA interferometers detecting energy superpositions that are polar opposites on the Bloch sphere (Fig. 1) , will project the photon state onto any energy-superposition basis with a dichotomic outcome ( ± 1) and in particular the four normalized energy operators [Eq. (2)] e x,y,z,0 = E x,y,z,0 /(ħ∆). The two-photon Jaynes-Cummings interaction Hamiltonian of a TPA interferometer based on a two-level system is given by [28] 
where g 1,2 are the coupling constants for the two interfering transition paths, σ Such measurements are not restricted to the meridian and can be generalized to the entire Bloch sphere by including both e x and e y directions. Considering dichotomic outcomes of energy measurements in every direction resulting in + 1 and −1, Bell inequality for energy is defined as:
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For the test of Bell inequality based on energy entangled photons, one of the Bell states can be chosen e.g. This idealistic result is an upper limit on practical realizations, where detector efficiency plays a significant role in the visibility of the experimental result. In practical implementations, the TPA efficiency can be enhanced for long interaction lengths, strong spatial confinement and short temporal modes, e.g. by photon pulses propagating in waveguides [29] .
Being a nonlinear process, two-photon absorption (TPA) efficiency is strongly dependent on the localization of light both spatially and temporally. Furthermore, relatively long propagation in a waveguide-based detector (~1mm) can significantly enhance the efficiency relative to the simple non-waveguiding detectors with ~1µm absorbing layers.
As a specific example, for a waveguide-based detector, a pulse width of ~10psec can be chosen -easily achievable with existing sources, as well as waveguide mode area of ~10µm 2 . The auxiliary beam with a peak power of ~100W and 10psec pulse-width can be easily obtained from commercially available ultrafast lasers, and for the mode area of ~10µm 2 it corresponds to peak intensity of I p~G W/cm 2 . Assuming the single photon pulse perfectly overlaps the auxiliary-beam pulse, the attenuation coefficient for the single-photon pulse is given by βI p , where β is the TPA coefficient. For typical semiconductor materials, such as GaAs, β ~20cm/GW [30] . Therefore for a waveguide length of L~1mm the probability of the single-photon absorption via TPA is 1-exp(-βI p L) ~86%.
As mentioned in section 2, the auxiliary laser wavelengths a chosen to be sufficiently long to prevent TPA and three-photon absorption in an ideal system. However, even if threephoton absorption of the auxiliary lasers alone is not prevented by choosing proper wavelengths in a specific implementation, for the discussed peak intensity of I p~G W/cm 2 , and the three-photon absorption coefficient in GaAs of γ~0.3cm 3 /GW 2 [31] and the length of L~1mm, three-photon absorption probability under the undepleted pump assumption is 1-exp(-γI 2 p L) ~3%. The process of four-photon absorption is much weaker and can be neglected. Dispersion induced phase walk-off in long waveguide-based devices without proper design could limit the efficiency. However, various phase-matching techniques in semiconductor waveguides have been developed and are widely used for nonlinear optics in semiconductors including: gratings [32] , form birefringence [4], and modal phase-matching [21] . Employing a phase-matching design can lead to efficient TPA interferometry in devices with ~mm or even ~cm lengths.
Bell state analysis
Bell state analysis [33, 34] is crucial for potential applications of quantum information based on energy entanglement including swapping and teleportation. A full Bell state analyzer (BSA) is able to distinguish between all four of the Bell states,
where the energy entangled photons are indexed by U and D -the "up" and "down" spatial modes of the BSA beamsplitter (Fig. 3) . In the proposed scheme, the TPA interferometers D 3,4,5,6 are set to detect the zero phase superposition + , whereas for the π phase superposition − these detectors are transparent due to the destructive interference of electron transition paths. 
For long propagation times, the phases of the different energy components would be different, however in TPA interferometers such accumulated phase difference can be easily calibrated by tuning the relative phase between the auxiliary lasers [Eq. (4)]. An antisymmetric energy state Ψ -must be in an antisymmetric spatial state with a photon in each output mode of the beamsplitter ( 2 f in Eq. (7) resulting in coincidences between detectors on both sides of the beamsplitter. The state Ψ + results in both photons on one of the outputs of the beamsplitter ( 1 f ) with different energies ħω 1,2 which are detected by TPA detectors D 1 or D 2 having electron transition energy of ħω 1 + ħω 2 . These detectors are transparent for two photons having equal energies 3, 4 f f resulting from the states Φ ± .
Practical photon counters are based on detectors containing more than one electron available for photon detection. A TPA interferometer based on two electrons acting as a two-photon detector can be modeled as two one-electron TPA interferometers equally overlapping the photon mode -each one evolving under the Hamiltonian in Eq. (3) resulting in a projection onto an energy superposition of each one of the two photons. TPA interferometers containing more than one electron per degenerate energy state can detect two-photon states projecting them onto , and coincidence between any of the detectors on both sides of the beamsplitter indicate Ψ -. TPA in this scheme is the necessary nonlinear effect allowing full BSA in contrast to a partial BSA based on linear optics commonly used for photon polarization states and time bins [35] , whereas full BSA by linear optics can be realized only for hyper-entangled photons [36] . TPA was proposed previously for polarization qubit BSA [37, 38] , and was used in second order photon correlation measurements [39] .
The above description of a BSA is based on detector efficiency near unity, however practical detector efficiency is limited. Finite detection efficiency in resolving Ψ -can cause a single detector click instead of a coincidence, however this can be solved by using photon number-resolving detectors that were implemented by commercial avalanche photodiodes recently [40] . 
For detector efficiencies near 80% the false detection probability [Eq. (9)] is around 3%, and for higher efficiency the false detection probability becomes negligible.
Discussion and conclusion
The TPA interferometry scheme for quantum information based on energy qubits proposed here may be also employed in room-temperature semiconductor detectors [ Fig. 2(c) ]. However for semiconductor devices special care must be taken in order to avoid the TPA cross-coupling e.g. between Ω 2 + ω 1 due to the broad energy bands, enabling such transitions [ Fig. 2(d) ]. Various coherent control methods allow post selection of optically excited electrons by their crystal momenta or kinetic energy [26] , however they require sub-psec carrier collection, which is very difficult. Carrier density control is more feasible; however it still suffers from low interference contrast [41] . The most practical method to mitigate TPA cross-couplings is the use of polarization selection rules [17, 42] , so that Ω 1 + ω 1 and Ω 2 + ω 2 absorption is allowed, whereas Ω 2 + ω 1 and Ω 1 + ω 2 is forbidden.
In conclusion, we have proposed a concept of photon energy qubits and presented approaches for characterization of photon energy entanglement including Bell inequality
